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10 Beampattern Design

10.1
Show that the minimization of the LSE criterion yields

cN = M−1
C vC

(
fm

)
.

Solution:
First ,from (10.12) we know:

LSE(cN ) = 1− vcH(jf̄m)cN − cHNvc+ cHNMCcN

we want to find the optimal solution for LSE :

∂LSE(cN )

∂cN
= 0

→ ∂LSE(cN )

∂cN
= −vc(jf̄m)− vc(jf̄m) + 2cNMC = 0

→ cN = MC
−1vc(jf̄m)

�

10.2
Show that the elements of the vector vC

(
fm

)
are[
vC

(
fm

)]
n+1

= nJn
(
fm
)
,

where Jn (z) is the Bessel function of the first kind.
Solution:
we can write the vector vc as:

vc(jf̄m) =
1

π

∫ π

0

ejf̄m cos θPc(cos θ)dθ

→ vc(jf̄m)n+1 =
1

π

∫ π

0

ejf̄m cos θ cos(nθ)dθ

let’s define:

Jn(z) ,
−j−n

π

∫ π

0

ejz cos θ cos(nθ)dθ

so we can get:
vc(jf̄m)n+1 = jn · Jn(f̄m)

�
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10.3
Show that the elements of the matrix MC are

[MC]i+1,j+1 =
1

π

∫ π

0

cos (iθ) cos (jθ) dθ.

Solution:
The matrix Mc defined as following:

MC =
1

π

∫ π

0

Pc(cos θ)PTc (cos θ)dθ

using Pc deifinition: [
Pc(cos θ)PTc (cos θ)

]
i+1,j+1

= cos(iθ) cos(jθ)

→ [MC ]i+1,j+1 =
1

π

∫ π

0

cos(iθ) cos(jθ)dθ

�

10.4
Prove the Jacobi-Anger expansion, i.e.,

efm cos θ =
∞∑
n=0

nJn
(
fm
)

cos (nθ) ,

where

n =

{
1, n = 0
2n, n = 1, 2, . . . , N

.

Solution:
from 10.11 we know:

ejfm cos θ = lim
N→∞

N∑
n=0

cN cos(nθ)

where,
cN = [c0 c1 · · · cN ]

T

cN = MC
−1vc(jf̄m)

from problem 10.2:
vc(jf̄m)n+1 = jnJn(f̄m)

from problem 10.3:

MC =


1 0 · · · 0

0 1
2 0

...
... 0

. . . 0
0 · · · 0 1

2

→M−1
C =


1 0 · · · 0

0 2 0
...

... 0
. . . 0

0 · · · 0 2


so we get:

cN =

{
J0(fm) n = 0

2jnJn(fm) n ≥ 1

subtituting all above:

ejfm cos θ = J0(fm) +

∞∑
n=1

2jnJn(fm) cos(nθ) =

∞∑
n=0

jn · Jn(fm) cos(nθ)

where,

jn =

{
1 n = 0

2jn n ≥ 1

�
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10.6
Show that with the nonrobust filter, hNR(f), the first-order beampattern is given by

B1 [h(f), cos θ] = H1(f) + J0

(
f2

)
H2(f) + 2J1

(
f2

)
H2(f) cos θ.

Solution:
let’s use 10.20 with M=2:

B[h(f), cos θ] =

∞∑
n=0

cos(nθ)[

∞∑
m=1

jnJn(fm)Hm] =

=

∞∑
n=0

cos(nθ)[jnJn(f1)H1 + jnJn(f2)H2] =

= J0(f1)H1(f) + J0(f2)H2 +

∞∑
n=1

cos(nθ)2jn[Jn(f1)H1 + Jn(f2)H2]

We know that :
J0(f1) = 1

Jn(fn) = 0

substitute:

B[h(f), cos θ] = H1(f) + J0(f2)H2 + cos(θ)2jJ1(f2)H2

�

10.8
Show that by minimizing JFI [h(f)] subject to BN (f)h(f) = bN and hH(f)h(f) = δε, we obtain the filter:

hFI,ε(f) = Γ−1
C,ε(f)B

H

N (f)
[
BN (f)Γ−1

C,ε(f)B
H

N (f)
]−1

bN ,

where ΓC,ε(f) = ΓC(f) + εIM .
Solution:
in order to find corresponding filter we will solve the following minimization:

min hH(f)Γc(f)h(f) subject to BN (f)h(f) = bn and hH(f)h(f) = δc

using Lagrange multiplier we defined the next function:

L(h, λ, ε) = f(h) + λg(h) + εk(h)

where λ and ε is a 1xM vector and :
f(h) = hH(f)Γc(f)h(f)

g(h) = BN (f)h(f)− bn
k(h) = hH(f)h(f)− δc

now, finding the min of L:

∂L(h, λ, ε)

∂h
= 0 = 2h(f)Γc(f) +BHN (f)λ+ 2h(f)ε

→ 2(Γc(f) + εI)h(f) = −BHN (f)λ

→ h(f) = −1

2
(Γc(f) + εI)

−1
BHN λ

∂L(h, λ, ε)

∂λ
= 0→ BN (f)h(f) = bn

BN (f)h(f) = −1

2
BN (f)(Γc(f) + εI)

−1
BHN λ = bn
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→ λ = −2
(
BN (f)(Γc(f) + εI)

−1
BHN

)−1

bn

→ h(f) = (Γc(f) + εI)
−1
BHN

(
BN (f)(Γc(f) + εI)

−1
BHN

)−1

bn =

= Γc,ε
−1(f)BHN

(
BN (f)Γc,ε

−1(f)BHN
)−1

bn

where,
Γc,ε

−1(f) , Γc(f) + εI

�

10.9
Show that the LSE between the array beampattern and the desired directivity pattern can be written as

LSE [h(f)] = hH(f)ΓC(f)h(f)− hH(f)ΓdpC
(f)bN−

bTNΓHdpC
(f)h(f) + bTNMCbN .

Solution:
let’s remember the definition of LSE:

LSE[h(f)] =
1

π

∫ π

0

|ε[h(f), cos θ]|2dθ

where,

|ε[h(f), cos θ]|2 =
∣∣dH(f, cos θ)h(f)− PcT (cos θ)bN

∣∣2 =

=
(
hH(f)d(f, cos θ)− bHNPc(cos θ)

) (
dH(f, cos θ)h(f)− PcT (cos θ)bN

)
=

= hH(f)d(f, cos θ)dH(f, cos θ)h(f)− hH(f)d(f, cos θ)Pc
T (cos θ)bN − bHNPc(cos θ)dH(f, cos θ)h(f)+

+bHNPc(cos θ)Pc
T (cos θ)bN

substituting:

LSE[h(f)] =
1

π

∫ π

0

|ε[h(f), cos θ]|2dθ =

=
1

π

∫ π

0

hH(f)d(f, cos θ)dH(f, cos θ)h(f)dθ − 1

π

∫ π

0

hH(f)d(f, cos θ)Pc
T (cos θ)bNdθ−

− 1

π

∫ π

0

bHNPc(cos θ)dH(f, cos θ)h(f)dθ +
1

π

∫ π

0

bHNPc(cos θ)Pc
T (cos θ)bNdθ =

= hH(f)

[
1

π

∫ π

0

d(f, cos θ)dH(f, cos θ)dθ

]
h(f)− hH(f)

[
1

π

∫ π

0

d(f, cos θ)Pc
T (cos θ)dθ

]
bN−

−bHN
[

1

π

∫ π

0

Pc(cos θ)dH(f, cos θ)dθ

]
h(f) + bHN

[
1

π

∫ π

0

Pc(cos θ)Pc
T (cos θ)dθ

]
bN

using the following definitions:

Γc(f) ,
1

π

∫ π

0

d(f, cos θ)dH(f, cos θ)dθ

Γdpc(f) ,
1

π

∫ π

0

d(f, cos θ)Pc
T (cos θ)dθ

MC
∧
=

1

π

∫ π

0

Pc(cos θ)Pc
T (cos θ)dθ

so,
LSE[h(f)] = hH(f)Γc(f)h(f)− hH(f)Γdpc(f)bN − bHNΓHdpc(f)h(f) + bHNMCbN

�
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10.10
Show that by minimizing the LSE with a constraint on the coefficients, we obtain the regularized LS filter:

hLS,ε(f) = Γ−1
C,ε(f)ΓdpC

(f)bN .

Solution:
in order to find the LS filter we will solve the following minimization:

min hH(f)Γc(f)h(f)− hH(f)Γdpc(f)bN − bNH(f)ΓHdpc(f)h(f) + bN
TMcbN

subject to hH(f)h(f) = δc

using Lagrange multiplier we defined the next function:

L(h, λ, ε) = f(h) + εg(h)

where ε is a 1xM vector and :
f(h) = hH(f)Γc(f)h(f)

g(h) = hH(f)h(f)− δc
now, finding the min of L:

∂L(h, ε)

∂h
= 0→ 2Γc(f)h(f)− Γdpc(f)bN − Γdpc(f)bN + 2εh(f)

→ 2(Γc(f) + εI)h(f) = 2Γdpc(f)bN

→ hLS,e = (Γc(f) + εI)
−1

Γdpc(f)bN = Γc,ε(f)
−1

Γdpc(f)bN

�

10.11
Show that by minimizing the LSE subject to the distortionless constraint and a constraint on the coefficients, we obtain the
regularized CLS filter:

hCLS,ε(f) = hLS,ε(f)− 1− dH (f, 1) hLS,ε(f)

dH (f, 1) Γ−1
C,ε(f)d (f, 1)

Γ−1
C,ε(f)d (f, 1) .

Solution:
in order to find the CLS filter we will solve the following minimization:

min LSE|ε|2 subject to hH(f)d(f, cos θ) = 1 and hH(f)h(f) = δc

using Lagrange multiplier we defined the next function:

L(h, λ, ε) = f(h) + λg(h) + εk(h)

where λ and ε is a 1xM vector and
f(h) = LSE[h(f)]

g(h) = hH(f)d(f, cos θ)− 1

k(h) = hH(f)h(f)− δc
now, finding the min of L:

∂L(h, λ, ε)

∂h
= 0→ 2Γc(f)h(f)− Γdpc(f)bN − Γdpc(f)bN + 2εh(f) + λd(f, cos θ)

→ 2(Γc(f) + εI)h(f) = 2Γdpc(f)bN − λd(f, cos θ)

→ hCLS = (Γc(f) + εI)
−1

[Γdpc(f)bN −
1

2
λd(f, cos θ)] = hLS,e(f)− 1

2
λΓ−1

c,ed(f, cos θ)

∂L(h, λ, ε)

∂λ
= 0→ hH(f)d(f, cos θ) = 1→ dH(f, cos θ)h(f) = 1

5



dH(f, cos θ)h(f) = dH(f, cos θ)hLS,e(f)− 1

2
λdH(f, cos θ)Γ−1

c,ed(f, cos θ) = 1

→ λ = −2
1− dH(f, cos θ)hLS,e(f)

dH(f, cos θ)Γ−1
c,ed(f, cos θ)

→ hCLS = hLS,e(f) +
1− dH(f, cos θ)hLS,e(f)

dH(f, cos θ)Γ−1
c,ed(f, cos θ)

Γ−1
c,ed(f, cos θ)

�

10.12
Show that with the constraint BN (f)h(f) = bN , the error signal between the array beampattern and the desired directivity
pattern can be expressed as

E [h(f), cos θ] =

∞∑
i=N+1

cos (iθ) b
T

i (f)h(f).

Solution:
from 10.55 we know:

ε[h(f), cos θ] =

∞∑
i=0

cos(iθ)b̄Ti h(f)−
N∑
i=0

cos(iθ)b̄N,i =

=

∞∑
i=N+1

cos(iθ)b̄Ti h(f) +

N∑
i=0

cos(iθ)b̄Ti h(f)−
N∑
i=0

cos(iθ)b̄N,i

using the following constraint:

BN (f)h(f) = bN

→ bi
Th(f) = b̄N,i

substituting:

ε[h(f), cos θ] =

∞∑
i=N+1

cos(iθ)b̄Ti h(f) +

N∑
i=0

cos(iθ)b̄Ti h(f)−
N∑
i=0

cos(iθ)bi
Th(f) =

=

∞∑
i=N+1

cos(iθ)b̄Ti h(f)

�

10.13
Using the orthogonality property of the Chebyshev polynomials, show that the criterion JFI [h(f)] can be expressed as

JFI [h(f)] = LSE [h(f)] +
1

π

∫ π

0

|B (bN , cos θ)|2 dθ,

where

LSE [h(f)] =
1

π

∫ π

0

∣∣∣∣∣
∞∑

i=N+1

cos (iθ) b
T

i (f)h(f)

∣∣∣∣∣
2

dθ.

Solution:
first we know that:

LSE[h(f)] =
1

π

∫ π

0

|ε[h(f), cos θ]|2dθ =
1

π

∫ π

0

∣∣∣∣∣
∞∑

i=N+1

cos(iθ)bi
Th(f)

∣∣∣∣∣
2

dθ
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now, using 10.56 the criterion defined in 10.40 can be expressed as:

JFI [h(f)] =
1

π

∫ π

0

|ε[h(f), cos θ] +B[bN , cos θ]|2dθ =
1

π

∫ π

0

∣∣∣∣∣
∞∑

i=N+1

cos(iθ)bi
Th(f) +

N∑
i=0

cos(iθ)bN,i

∣∣∣∣∣
2

dθ

using the orthogonality property: ∫ π
0

cos(iθ) cos(jθ)dθ = 0 i 6= j

and now:

JFI [h(f)] =
1

π

∫ π

0

∣∣∣∣∣
∞∑

i=N+1

cos(iθ)bi
Th(f)

∣∣∣∣∣
2

dθ +
1

π

∫ π

0

∣∣∣∣∣
N∑
i=0

cos(iθ)bN,i

∣∣∣∣∣
2

dθ =

=
1

π

∫ π

0

|ε[h(f), cos θ]|
2

dθ +
1

π

∫ π

0

|B[bN , cos θ]|2dθ

→ JFI [h(f)] = LSE[h(f)] +
1

π

∫ π

0

|B[bN , cos θ]|2dθ

�

10.14
Show that the filters defined in (??) preserve the nulls of h′(f) = hNR(f), i.e., if θ0 is a null of h′(f), then

hH(f)d (f, cos θ0) = gH(f)d̃ (f, cos θ0)× 0 = 0,

where

d̃ (f, cos θ0) =
[

1 e−2πfτ0 cos θ0 · · · e−(M−N−1)2πfτ0 cos θ0
]T
.

Solution:
we know the form of h is:

h(f) = H
′
(f)g(f)→ hH(f) = gH(f)H

′H(f)

let’s define:

d̃(f, cos θ) , d(f, cos θ)H
′H = [1 e−j2πfτ0 cos θ · · · e−j(M−N−1)2πfτ0 cos θ]

T

if θ0 is a null of h′(f) = hNR(f) so:

hH(f)d(f, cos θ) = gH(f)d̃(f, cos θ0)× 0 = 0

�

10.15
Show that by maximizing the WNG subject to the distortionless constraint, we obtain the MWNG filter:

hMWNG(f) =
H′(f)

[
H′H(f)H′(f)

]−1
d̃ (f, 1)

d̃H (f, 1) [H′H(f)H′(f)]
−1

d̃ (f, 1)
.

Solution:
in order to find the MWNG filter we will solve the following minimization:

min gH(f)H
′H(f)H ′(f)g(f) subject to gH(f)d̃(f, 1) = 1

using Lagrange multiplier we defined the next function:

L(g, λ) = f(g) + λk(g)
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where λ is a 1xM vector and

f(g) = gH(f)H
′H(f)H ′(f)g(f)

k(g) = gH(f)d̃(f, 1)− 1

now, finding the min of L:

∂L(g, λ)

∂g
= 0 = 2H

′H(f)H
′
(f)g(f) + d̃(f, 1)λ

→ g(f) = −1

2

[
H

′H(f)H
′
(f)
]−1

d̃(f, 1)λ

∂L(g, λ)

∂λ
= 0→ gH(f)d̃(f, 1) = 1→ d̃H(f, 1)g(f) = 1

d̃H(f, 1)g(f) = −1

2
d̃H(f, 1)

[
H

′H(f)H
′
(f)
]−1

d̃(f, 1)λ = 1

→ λ = − 2

d̃H(f, 1)[H ′H(f)H ′(f)]
−1
d̃(f, 1)

→ gMWNG(f) =

[
H

′H(f)H
′
(f)
]−1

d̃(f, 1)

d̃H(f, 1)[H ′H(f)H ′(f)]
−1
d̃(f, 1)

use the form of h(f):

h(f) = H
′H(f)g(f)

→ hMWNG(f) =
H

′H(f)
[
H

′H(f)H
′
(f)
]−1

d̃(f, 1)

d̃H(f, 1)[H ′H(f)H ′(f)]
−1
d̃(f, 1)

�

10.16
Show that by minimizing Jℵ [g(f)] subject to the distortionless constraint, we obtain the tradeoff filter:

gT,ℵ(f) = gU,ℵ(f) +
1− d̃H (f, 1) gU,ℵ(f)

d̃H (f, 1) R−1
ℵ (f)d̃ (f, 1)

R−1
ℵ (f)d̃ (f, 1) ,

where

gU,ℵ(f) = ℵR−1
ℵ (f)H′H(f)ΓdpC

(f)bN

is the unconstrained filter obtained by minimizing Jℵ [g(f)] and

Rℵ(f) = ℵR(f) + (1− ℵ)H′H(f)H′(f).

Solution:
in order to find the tradeoff filter we will solve the following minimization:

min ℵLSE[g(f)] + (1− ℵ) gH(f)H
′H(f)H

′
(f)g(f) subject to gH(f)d̃(f, 1) = 1

using Lagrange multiplier we defined the next function:

L(g, λ) = f(g) + λk(g)

where λ is a 1xM vector and

f(g) = ℵLSE[g(f)] + (1− ℵ) gH(f)H
′H(f)H

′
(f)g(f)

k(g) = gH(f)d̃(f, 1)− 1
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we know:

LSE [g(f)] = gH(f)H
′H(f)ΓC(f)H

′
(f)g(f)− gH(f)H

′H(f)Γdpc(f)bN − bTNΓHdpc(f)H
′
(f)g(f) + bTNMcbN

now, finding the min of L:

∂L(g, λ)

∂g
= 0 = ℵ

[
2
(
H

′H(f)ΓC(f)H
′
(f)
)
g(f)−H

′H(f)Γdpc(f)bN −H
′H(f)Γdpc(f)bN

]
+

+2 (1− ℵ)H
′H(f)H

′
(f)g(f) + d̃(f, 1)λ = 0

→
[
2ℵ
(
H

′H(f)ΓC(f)H
′
(f)
)

+ 2 (1− ℵ)H
′H(f)H

′
(f)
]
g(f) = 2ℵH

′H(f)Γdpc(f)bN − d̃(f, 1)λ

→ g(f) =
[
ℵ
(
H

′H(f)ΓC(f)H
′
(f)
)

+ (1− ℵ)H
′H(f)H

′
(f)
]−1

[
ℵH

′H(f)Γdpc(f)bN −
1

2
d̃(f, 1)λ

]
we know from 10.76:

R(f) = H
′H(f)ΓC(f)H

′
(f)

→ g(f) =
[
ℵR(f) + (1− ℵ)H

′H(f)H
′
(f)
]−1

[
ℵH

′H(f)Γdpc(f)bN −
1

2
d̃(f, 1)λ

]
let’s dfine:

Rℵ(f) , ℵR(f) + (1− ℵ)H
′H(f)H

′
(f)

→ g(f) = ℵRℵ(f)
−1
H

′H(f)Γdpc(f)bN −
1

2
Rℵ(f)

−1
d̃(f, 1)λ

find λ :

∂L(g, λ)

∂λ
= 0→ gH(f)d̃(f, 1) = 1→ d̃H(f, 1)g(f) = 1

d̃H(f, 1)g(f) = ℵd̃H(f, 1)Rℵ(f)
−1
H

′H(f)Γdpc(f)bN −
1

2
d̃H(f, 1)Rℵ(f)

−1
d̃(f, 1)λ

→ λ = −2
1− ℵd̃H(f, 1)Rℵ(f)

−1
H

′H(f)Γdpc(f)bN

d̃H(f, 1)Rℵ(f)
−1
d̃(f, 1)

substituting

→ gT,ℵ(f) = ℵRℵ(f)
−1
H

′H(f)Γdpc(f)bN +Rℵ(f)
−1
d̃(f, 1)

1− ℵd̃H(f, 1)Rℵ(f)
−1
H

′H(f)Γdpc(f)bN

d̃H(f, 1)Rℵ(f)
−1
d̃(f, 1)

define:

gU,ℵ(f) , ℵRℵ(f)
−1
H

′H(f)Γdpc(f)bN

→ gT,ℵ(f) = gU,ℵ(f) +Rℵ(f)
−1
d̃(f, 1)

1− ℵd̃H(f, 1)Rℵ(f)
−1
H

′H(f)Γdpc(f)bN

d̃H(f, 1)Rℵ(f)
−1
d̃(f, 1)

�
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