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10 Beampattern Design

10.1

Show that the minimization of the LSE criterion yields
en =Mc've (5f ) -

Solution:
First ,from (10.12) we know: -
LSE(cn) =1 —vc (jfm)eny — cRve+ cRMoen

we want to find the optimal solution for LSE :

aLSE(CN)
aCN o
OLSE _ _
— % = —ve(ffm) —ve(jfm) + 2eyMe =0
N

— en = Mc " ve(j fm)
]

10.2

Show that the elements of the vector vg (] fm) are

Ve (0] iy =70 (F) »

where J, (z) is the Bessel function of the first kind.
Solution:
we can write the vector vc as:

_ 1 [T
ve(jfm) = ;/ el fm COSQPC(COS 6)do
0

_ 1 /(™ .
= vc(j fm) i1 = */ e?fm cos0 cos(n)do
T Jo
let’s define: o
In(2) & — / 77250 cos(nf)do
™ Jo

S0 we can get:

vc(jfm)n_H = ]n : Jn(f_m)
|



10.3

Show that the elements of the matrix M¢ are

1 (7 . .
Mcl; 1y j1 = ;/ cos (16) cos (j6) do.
0
Solution:
The matrix M, defined as following;:
1 s
Mo = 7/ P.(cos 0) PT (cos 0)dh
T Jo
using P, deifinition:
[P.(cos ) P (cos 0>L+1,j+1 = cos(i6) cos(j0)

L (7 . .
= [Mcliyy 41 = ;A cos(i0) cos(j0)do

10.4

Prove the Jacobi-Anger expansion, i.e.,

e?Fm cos® Z Indn ) cos (nf),

where

Solution:
from 10.11 we know:

elfmeost — Jim Z e cos(nd)

N—o0

where,

from problem 10.2:

from problem 10.3:

1 0 0 1 0
1
Ma— |0 3 0 |0 20
0 . 0 C0
0 0o 1 0 0

so we get:

c { Jo(fm) n=20
N2 T (f) n>1

subtituting all above:

e]fm cos ¢ JO fm + ZQ]”J fm COS 719 Z]n .

n=1

where,

. /1 n=0
=2 n>1

w(fm) cos(nd)



10.6
Show that with the nonrobust filter, hyg(/f), the first-order beampattern is given by

By [h(f),cos0] = Hi(f) + Jo (f) Ha(f) + 2371 (f5) Ha(f) cosb.

Solution:
let’s use 10.20 with M=2:

BIh(f),cos 0] = Zcos(n@)[z Indn(fm) Hpm] =
n=0 m=1
= Zcos(n@)[jan(fl)H1 + Jndn(f2)Ha] =
n=0

= Jo(f1)Hi(f) + Jo(f2)Ha + Y cos(nf)25" [Jn(f1)Hy + Ju(f2) Ha)

n=1

We know that :

Jo(f1) =1
Jn(fn) =0
substitute:
Blh(f),cos0] = Hi(f) + Jo(f2)Ha + cos(0)25J1(f2) Ha
|
10.8

Show that by minimizing Jrr [h(f)] subject to By (f)h(f) = by and hf (f)h(f) = é., we obtain the filter:

=H

hec(f) = DL (BN () [By(DPL (BRG] ba,

where Tc (f) =Tc(f) + elm.
Solution:
in order to find corresponding filter we will solve the following minimization:

min W (F)T.(NA(S) subject to Bu(f)h(f) =ba and AU (Fh(f) =5,

using Lagrange multiplier we defined the next function:
L(h,A,2) = F(B) + Ag(h) + k()

where )\ and € is a 1xM vector and :

now, finding the min of L:

OIS _ o — an(pre(f) + BE(PAN +2h(1)e
> 9T+ eDh(F) = ~BH (A
5 h(f) = 5 (Telf) + <) BEA
PLBAE) _ o B(pyn(s) = b

By ()h(f) = 5 Bu(F)Tlf) + D) BYA =,



s x= 2By + D) BE) b

o h(f) = (Oel) + D) BE (By(F)Te(F) + D) BE) b, =

=T () BE (BN ()T (£)BE) b,

where,

T H(f) 2Tu(f) el
n

10.9
Show that the LSE between the array beampattern and the desired directivity pattern can be written as
LSE [h(f)] = b (f)Tc(f)h(f) — b (f)Tape (f)bn—
DAL (Hh(f) +biMcby.

Solution:
let’s remember the definition of LSE:

LSEIh / le[h(f), cos 0] dO
where,
lelh(f), cosB]* = [ (£, cos O)h(f) — P." (cos )b |* =
= (R"(f)d(f,cos8) — bR P.(cos8)) (™ (f,cos O)h(f) — P." (cos0)by) =
= W (f)d(f,cos 0)d™ (f,cosO)h(f) — K (f)d(f,cosO)P.T (cos 0)by — bA P.(cos 8)d™ (f,cos O)h(f)+
+bE P.(cos ) P.T (cos 0)by
substituting:

LSE[h / le[h(f), cos 0]|d0 =

_1 /7r R (£)d(f, cos 0)d™ (f,cosO)h(f)do — — / WA (£)d(f, cos 6) P, (cos )by do—
0 0

m m

—l/ b%Pc(cosﬂ)dH(f,cos@)h(f)d@—|—l/ bR P, (cos 0) P, (cos 0)bydh =
0 T Jo

™

—w(7) |4

™

/OTr d(f,cos 0)d™ (f,cos G)dH} h(f) —hH(f) E_ /077 d(f,cos0)P." (cos H)dG} bn—

i F /O ! P.(cos0)dH (f, cos e)da] h(f) + bR Llr /O ﬂP .(cos ) P." (cos e)da] by

™

using the following definitions:

I.(f) & 1 /ﬁ d(f,cos0)d™ (f,cos6)do
0

Tape(f) 2 % /O " d(f, cos ) .7 (cos 0)do

Me = f/ P,(cos 0) P, " (cos 0)db
0

S0,

LSE[R(f)] = T ()Te(F)R(f) = B (/)T ape(F)on — ONTape(R(f) + b3 Mcby



10.10
Show that by minimizing the LSE with a constraint on the coefficients, we obtain the regularized LS filter:
hs(f) = Pa}e(f)rdpc (f)bn.

Solution:
in order to find the LS filter we will solve the following minimization:

min A7 (F)Te(f)A(f) = B* (F)ape(Hbn = bn" (/)T H ape(/)R(f) + bn" Meby
subject to hH(f)h(f) = 6.

using Lagrange multiplier we defined the next function:
L(h, A &) = f(h) 4 eg(h)

where € is a 1xM vector and :

H(NTe(F)RS)
H(FRS) = be

f(h)

h
g(h)="h

now, finding the min of L:

OL(h,¢)

oh =0— 21“C(f)h(f) — dec(f)bN — dec(f)b]\] + 2€h(f)

= 2(Le(f) +eDh(f) = 2Lape(f)bn
— hLS,e = (Fc(f) + EI)_lrdpc(f)bl\/ = Fc,E(f)_lrdpc(f)bN

10.11

Show that by minimizing the LSE subject to the distortionless constraint and a constraint on the coefficients, we obtain the

regularized CLS filter:

1 =d" (£, ) his(f)
d" (f,1)To (A (f,1)

hCLS,e(f) = hLS,s(f) I‘E}E(f)d (f7 1) .

Solution:
in order to find the CLS filter we will solve the following minimization:

min LSE|e|* subject to hHF(f)d(f,cos0) =1 and hH(f)h(f) =6,
using Lagrange multiplier we defined the next function:
L(h,A;e) = f(h) + Ag(h) + £k(h)
where A and € is a 1xM vector and
f(h) = LSE[h(f)]
g(h) = h(f)d(f,cosf) — 1
k(h) = ™ (F)R(f) = o
now, finding the min of L:

OL(h, \,e)

= = 0= 20e(HA(S) = Lape(Hbw = Tape(£)bny + 22h(f) + Ad(f, cos 9)

= 2(Le(f) +eD)h(f) = 2Lape(f)bn — Ad(f, cos 0)

S hons = (To(f) + 1) Tape( )b — %/\d( Frcos0)] = hise(f) — %/\F’lqed( f,cos6)

OL(h, ), ¢)

o =0~ RE(£)d(f,cos) =1 — dP(f,cosO)h(f) =1



d? (f,cosO)h(f) = d" (f,cos0)hrs.c(f) — %)\dH(f, cos )T 1, .d(f,cosf) =1

1—dH(f,cos Nhrs.e(f)
dH (f,cos0)T 1, d(f,cosf)

1 —dH(f,cosO)hrs.e(f)
A (f,cos0)I—1. . d(f,cosb)

—A=—

~1..ed(f,cos0)

— hcors = hrse(f) +
|

10.12

Show that with the constraint By (f)h(f) = by, the error signal between the array beampattern and the desired directivity
pattern can be expressed as

oo

EM(f).cos0] = > cos (i) b; (f)h(f).

i=N+1

Solution:
from 10.55 we know:

N
),cos ] = Zcos (i0)bT h(f) — Zcos(i@)BN,i =
=0 =

oo N N
= Z cos(i0)bI h(f) + Z cos(i0)bl h(f) — Zcos(i@)l_)N,i
i=N+1 i=0 i=0
using the following constraint:
BN (f)R(f) = bn
— blTh(f) = BN,i
substituting:
[eS) N N
elh(f),cos0] = > cos(i0)b h(f) + Y _ cos(i0)b] h(f) — > cos(if)b; " h(f) =
i=N+1 i=0 i=0
= Z cos(i0)b h(f)
i=N+1
[ ]
10.13

Using the orthogonality property of the Chebyshev polynomials, show that the criterion Jgr [h(f)] can be expressed as

e (1) = LSE )]+ [ B (b, cost)]* do,

where

1 [ & ’

LSEM(N) == [ | 3 cos(i8)B] (1)h()] db

T Jo i=N-+1
Solution:
first we know that:

m o0 2
LSE[h / le[h(f), cos 6]| dé_—/ > cos(if)b; " h(f)| db
TJo |iZNt




now, using 10.56 the criterion defined in 10.40 can be expressed as:

2

T 00 N
Jrrlh / le[h(f), cos 0] + Blby, cos 6]|>df 77/ Z cos(i@)biTh(f)+Zcos(i9)bN7i de
TJo iZnh i=0

using the orthogonality property:

o cos(if) cos(j0)dO =0 i#j

and now:

1M &

Jrilh(f)] = = cos(i0)b; T h(f) d9+ =
/ le[h(f), cos b)) d9—|— / | Blb, cos 6]|>d6
— Jpi[h(f)] = LSE[R(f)] + —/ |Bb, cos 0] df
™ Jo
]

10.14

Show that the filters defined in (??) preserve the nulls of h'(f) = hxgr(f), i.e., if 8 is a null of h'(f), then

h (£)d (f,cos) = g™ (f)d (f,cosbp) x 0 =0,
where

(f’ cOoS 00) — [ e*_]QTI’fTO cosfBy .. 67](1\47N71)27Ff7'0 cos 0g ]T .

Solution:
we know the form of h is:

h(f)=H (f)g(f) — b (f) = g™ (HH T (f)
let’s define:
d(f,cos0) 2 d(f,cos O)H'H = [I e=i2fmocosd .. o=i(M=N-1)2rfrocos0]”
if g is a null of W' (f) = hngr(f) so:
R (f)d(f,cos0) = g™ (f)d(f,cosb) x 0=0

10.15
Show that by maximizing the WNG subject to the distortionless constraint, we obtain the MWNG filter:

han(f) = ) (| (HH'(H)] " d(£.1)
SN 3 oy e () A )

Solution:
in order to find the MWNG filter we will solve the following minimization:

min g (f)H T (f)H'(f)g(f) subject to g¢"(f)d(f,1)=1

using Lagrange multiplier we defined the next function:

L(g,\) = f(g) + \k(g)



where )\ is a 1xM vector and

now, finding the min of L:

“gg N o= 2 (1)H (£)g() + d(F. DA
S gl) = 5 [H T (] dtr A
OLGN) oy 1 (g)i(5.1) =1 A7, )7) = 1
(109 = —5d G0 [ ()] dg =1
A= 2

[ a ()] d
dH (f, D)[H'H (f)H'(f)] " d(f,1)

— guwne(f) =
use the form of h(f):

h(f)=H"(f)g(f)

O [ H ()] )

dH (f, D)[HH (f)H'(f)]"d(f,1)
|

— huwne(f) =

10.16
Show that by minimizing Jx [g(f)] subject to the distortionless constraint, we obtain the tradeoff filter:

1-d" (£ Dgun(f)
d? (f, )R (A (f,1)

grx(f) = guxn(f) + Ry (f)d(f,1),

where
gun(f) = NRJ (//H™ (f)Tape (f)bn
is the unconstrained filter obtained by minimizing Jx [g(f)] and
Ry (f) = RR(f) + (1 = \)H (f)H'(f).

Solution:
in order to find the tradeoff filter we will solve the following minimization:

min RLSE[g(f)] + (1 N) g™ (f)H " (f)H (f)g(f) subject to g™ (f)d(f,1) =1

using Lagrange multiplier we defined the next function:

L(g,\) = f(g) + \k(g)

where )\ is a 1xM vector and

f(g) =RLSE[g(f)] + (1 - N) g (H/H T (f)H (f)g(f)
k(g) = g™ (f)d(f,1) -1



we know:

LSE[g(f)] = & (HH*(HTc(HH (He(f) — g (HH T (FTape(f)bn — ONTE(HH (f(f) + b Meby
now, finding the min of L:

J0L(g,\)
dg

=0=X[2(HT(NTe(HH () 9() = B (Tape(Fon = H ™ (/)Tapel fox | +

+2(1=R) B (NHH (Ne(f) +d(f. DA=0
= 2R (HH (DN (1) +2(0 =R HH () H ()] 9(4) = 2XH ™ ()T ape( £)ox = d(f; DA

—1

= 9(f) = [N(HT (DL (DH (1) + 1 =N H (£ (£)] [NH’H(f)rdpc<f>bN — 5, m}

we know from 10.76:

R(f)=H"(f)Tc(HH ()
=900 = [RRU) + 0= W H IO (O] RO~ 571

let’s dfine:
Ru(f) £ RR(f) + (L= R) H ™ ())H (f)
=5 9(f) = RR () H (D apeb — 5 Bx() (7, DA
find X :
PID) o g (1)l 1) =1 (7, 1)g() = 1
(£, 1)g(F) = N (£, D R(E) ()P (b — 5 (1) R (), DA
A= o LN DR H () ape(f)o
dH(f7 1)RN(f) d(f’ 1)
substituting
~ N gH —1y7'H
= gr (1) = M) B e+ ) g ) )T

define:

gun(f) 2 RRy(f) " H T (f)Tape( )by

L= Rd" (£, DR (f)""H ™ (£)Lape(f)n
dH (f,1)Ru(f) " d(f.1)

— grn(f) = gun(f) + Re(f)"1d(f, 1)



